The low-energy dynamics of five-dimensional Yang-Mills theories compactified on S 1 can be described by a four-dimensional gauge theory coupled to a scalar field in the adjoint representation of the gauge group. Perturbative calculations suggest that the mass of this elementary scalar field is protected against power divergences, and is controlled by the size of the extra dimension R. As a first step in the study of this phenomenon beyond perturbation theory, we investigate the phase diagram of a SU(2) Yang-Mills theory in five dimensions regularized on anisotropic lattices and we determine the ratios of the relevant physical scales. The lattice system shows a dimensionally reduced phase where the four-dimensional correlation length is much larger than the size of the extra dimension, but still smaller than the four-dimensional volume. In this region of the bare parameter space, at energies below 1/R, the non-perturbative spectrum contains a light scalar state. This state has a mass that is independent of the cut-off, and a small overlap with glueball operators. Our results suggest that light scalar fields can be introduced in a lattice theory using compactified extra dimensions, rather than fine tuning the bare mass parameter.
Introduction
Five-dimensional Yang-Mills theories compactified on a circle have a light scalar mode, whose mass renormalization in perturbation theory is protected by the remnant of the higher-dimensional gauge symmetry. This light scalar is the static Kaluza-Klein mode coming from the compactification of the fifth component of the original gauge field, when periodic boundary conditions are imposed [1, 2] . At tree level, this mode is massless. At low energies, the physics of compactified extra-dimensional theories can be described by an effective lagrangian for a four-dimensional gauge theory coupled to an elementary scalar particle in the adjoint representation of the gauge group. This effective description is valid only up to the compactification energy scale Λ R ∼ R −1 , where R is the radius of the extra dimension. At the compactification scale, other massive vector modes become relevant for the dynamics, and their coupling to the low-energy spectrum described above can no longer be neglected. Quantum corrections usually yield divergences in the mass of scalar particles: in a generic renormalizable quantum field theory, the scalar mass receives contributions proportional to the square of the ultra-violet (UV) cut-off. However, the mass of the scalar field coming from the compactification of a higher-dimensional gauge field remains finite, as suggested by one-loop and two-loop calculations [3, 4, 5, 6, 7, 8] . These perturbative calculations are performed using the explicit four-dimensional effective field theory that describes the five-dimensional system at low energies. The same result has been obtained using the full five-dimensional gauge theory which explicitly includes all the higher energy contributions [9] . Since the extra-dimensional gauge theory is believed to be non-renormalizable, it can only be defined as a regulated theory with an ultra-violet cut-off Λ UV always in place. Interestingly the quantum corrections to the scalar mass are independent of Λ UV : where ζ is the Riemann Zeta-function, N c is the number of colours and g 2 5 is the dimensionful coupling constant of the five-dimensional Yang-Mills theory. It must be stressed, that Eq. (1.1) is valid only in the regime where there is a scale separation Λ R ≪ Λ UV between the compactification scale Λ R and the cut-off Λ UV , because in this case the details of the regularization can be neglected. In this energy region, the highly energetic modes at the cut-off scale see the extra dimension as non-compact and therefore do not contribute to the scalar mass corrections, due to the higher-dimensional gauge symmetry. All the aforementioned results make the compactification mechanism a very interesting and promising scenario to protect the mass of scalar particles from cut-off effects. Moreover, since the early work of Ref. [10] , higher-dimensional theories have gained significant phenomenological interest. In this work, we study this mechanism in the simple case where the extra dimension is compactified on a circle S 1 . In particular, we would like to explore the validity of the perturbative prediction Eq. (1.1) in the strongly-coupled regime of the theory. While we do not expect the proportionality constant to remain unchanged, we want to check whether the non-perturbative dynamics preserves the independence of the UV cut-off, and the functional dependence on the compactification radius. This is a non-trivial task, since in the non-perturbative regime the states in the spectrum are not the excitations of the elementary fields in the action. To be able to access the non-perturbative regime, we use Monte Carlo simulations of a lattice gauge theory in five dimensions. We then search for a region in the parameter space of the lattice theory where the hierarchy of scales is such that the low-energy physics is described by a four-dimensional effective theory with a light scalar particle. In recent years, there have been several numerical studies of the simplest of these extra-dimensional theories on the lattice, namely the SU(2) pure gauge theory on a five-dimensional torus with anisotropic lattice spacings, a 4 in the four-dimensional space and a 5 in the extra fifth dimension [11, 12, 13, 14, 15] . A pioneering study of the same model on isotropic lattices was done in the late seventies [16] . The aim of this work is to explore the parameter space of the lattice model and to define the scales separation by studying the behaviour of observables such as the string tension and the mass of scalar states; this goes in the direction of improving previous recent results [13] and trying to clarify the status of Eq. (1.1) in the non-perturbative regime. Using numerical simulations in the region of phase space where there is a hierarchy of scales Λ R ≪ Λ UV , we are able to study the parametric dependence of the non-perturbative scalar mass on the cut-off Λ UV and on the compactification scale Λ R . However, in order to fully understand the nature of the effective theory and of the scalar particle, more studies are needed that are beyond the scope of this work. In particular, matching simulations between this five-dimensional gauge model and the four-dimensional gauge theory with an adjoint scalar field in the action could be performed, following what was done to test dimensional reduction in lower dimensions [17] . In Sec. 2 we describe the lattice setup used in our simulations of the SU(2) Yang-Mills theory in five dimensions. In Sec. 3 we explain the separation of scales that we expect to find in the lattice model, and we analyse the perturbative predictions for the behaviour of the desired hierarchy of scales as we scan the bare parameter space. Next, we provide a description of the phase diagram of the model in Sec. 4 and compare our findings with previous studies. Once the phase diagram has been mapped out and the interesting region has been identified, we present the details of our measurements and compare them with the perturbative expectations in Sec. 5 . Finally we present a critical discussion of the results and future developments of these ideas.
The lattice model
The continuum, five-dimensional pure gauge theory is defined by the Euclidean action
where periodic boundary conditions are imposed along the fifth direction (whose coordinate is x 5 ) in order to make it compact. The field-strength tensor is the extra-dimensional generalization of the four-dimensional one
This continuum theory has an infinite four-dimensional volume, but it is defined only on a finite and compact fifth dimension of length L 5 = 2πR, where R is the compactification radius. Since this theory is perturbatively non-renormalizable, the ultra-violet cut-off Λ UV cannot be removed. For the same reason we consider the action in Eq. (2.1) only as the simplest non-trivial example of effective theory in five dimensions: an arbitrary number of operators and couplings could be added in principle. Cut-off effects are expected to be irrelevant in the low-energy regime of the theory defined by the action in Eq. (2.1), i.e. at scales E ≪ Λ UV . The continuum action is regularized on a five-dimensional lattice, where the finite lattice spacing determines the shortest propagating wavelength. Two independent lattice spacings a 4 and a 5 can be defined on the lattice, which correspond respectively to the lattice spacing in the four-dimensional subspace, and in the extra fifth direction; the bigger of the two defines the inverse of the cut-off Λ UV . The gauge potential A M (x M ) is replaced on the lattice by gauge link variables U M (x) joining the site x and the site x + aM , where a = a 4 if M = 1, 2, 3, 4 and a = a 5 if M = 5. Periodic boundary conditions for the gauge links are imposed in all five directions. We choose the anisotropic lattice Wilson action for SU(N c ) gauge theories:
where P µν is the four-dimensional plaquette (µ and ν run from 1 to 4) 4) and P µ5 is the plaquette abutting on an extra-dimensional slice
The sum is intended to be on all the lattice sites x of the full five dimensional lattice volume. This lattice setup is the same used in Ref. [11] . However, a different parametrization for the Wilson action can be used [13] : 6) where the lattice coupling constant is
and the second parameter is the bare anisotropy
The bare anisotropy is related to the ratio of the lattice spacings ξ = a 4 /a 5 . At tree level γ = ξ, but quantum corrections make ξ deviate from this value. The relation between ξ and γ for this action has already been studied in bare parameter space and a useful map relating this two quantities can be found in Ref. [11] .
In order to obtain Eq. (2.1) in the classical continuum limit of the action in Eq. (2.3), we must require the following relations for the lattice parameters (coupling constants) β 4 and β 5 :
(2.9)
Similarly, for the action in Eq. (2.6) we have
and
In this work we use the Wilson action Eq. (2.3) with β 4 and β 5 as bare parameters, and therefore our results will be presented as functions of these two quantities. However some of the features of the phase diagram are better explained in terms of β and γ, in particular when comparing our findings to existing results [13] .
Finally there are two more parameters in the lattice model that can be adjusted in order to realize the desired separation of scales; they are N 4 , the number of lattice sites in each of the usual four directions, and N 5 , the number of lattice sites in the extra dimension. Together with the corresponding lattice spacings, they determine the physical size of the system: L 4 = a 4 N 4 in four dimensions and L 5 = 2πR = a 5 N 5 in the fifth dimension.
In the following we restrict ourself to the non-Abelian gauge group SU(2), thus setting N c = 2 in the above definitions.
Dimensional reduction and scale separations
We have already mentioned that the theory described by the action in Eq. (2.1) is perturbatively non-renormalizable because the five-dimensional coupling constant g 2 5 has negative mass dimension M −1 . Moreover, the theory possesses another intrinsic scale when the extra dimension is compactified on the circle: the compactification scale Λ R ∼ R −1 . This scale is the analogue of the temperature scale in the formulation of finite-temperature field theories compactified on a circle. Upon compactification, the gauge fields are decomposed into Fourier modes (called Kaluza-Klein modes in this context, or Matsubara modes in finite-temperature field theories). At the classical level the spectrum of the theory contains massless vectors, coming from the gauge field components in the four-dimensional subspace, and a massless scalar, coming from the gauge component in the extra compact direction. All the higher modes acquire masses proportional to Λ R . In the quest for an effective description of the low-energy physics of the theory, one can integrate out the states at energies greater than the compactification scale, leaving a four-dimensional gauge field coupled to an adjoint massless scalar. However, this dimensional reduction is a sensible description only if there is a scale separation Λ R ≪ Λ UV : the physics of the compactified theory is not affected by the details of the regularization. As discussed below, this condition is only satisfied in a specific region of the lattice bare parameter space. If we focus on the low-energy E ≪ Λ R and weakly-coupled regime, we expect a perturbative spectrum, where the elementary scalar particle acquires a mass through radiative corrections, while the gauge vectors remain massless. As we explore more strongly-coupled regimes, the theory develops a non-perturbative mass gap related to confinement. Our aim is to study what happens to the low-lying spectrum of scalar particles in this non-perturbative regime. In particular we would like to understand if there exists a region in the bare parameter space of the five-dimensional theory where the non-perturbative dynamics can be described by a four-dimensional effective gauge theory coupled to a light adjoint scalar, whose mass is decoupled from the cut-off scale as suggested by the one-loop equation Eq. (1.1). Moreover, it would be interesting to find a region where the scalar mass is of the order of the mass gap in the gauge sector. A previous study has shown that there is a region of the phase diagram of the lattice model where a scale separation between the static modes of the four-dimensional gauge fields and their higher Kaluza-Klein modes is observed [13, 18] , indicating that the theory undergoes dimensional reduction similar to the case of four-dimensional hot gauge theories [19] . However, in that same region, the static mode of the fifth component of the gauge field appears to be completely decoupled, with a mass at the scale of the cut-off, and hence outside the regime of validity of Eq. (1.1). Let us summarize now the hierarchy of scales that we would like to find non-perturbatively in the lattice theory described in Sec. 2.
• A separation between the compactification scale and the cut-off
• The mass gap identified by the string tension √ σ in four dimensions must be separated both from the cut-off and from the compactification scales:
In fact, only if the above relations are true, we expect the long distance physics to be independent of the actual regularization of the theory, and not to be sensitive to contributions from higher modes. In other words, since the string tension gives the inverse of the four-dimensional correlation length, when √ σ is small compared to the cut-off, then the characteristic length of the system is much larger than the lattice spacing, and the details of the discretization of the theory should become insignificant.
• Light scalar states should be at the energy scale defined by the mass gap, and hence their mass, generically referred to as m 5 , should be separated from the cut-off and from the energy scale of the other Kaluza-Klein massive modes:
• Finally, we need to check the dependence of the scalar mass from the cut-off and the compactification radius. We would like to find a region in the space of bare parameters, where we have a scaling similar to the one Eq. (1.1) obtained for an elementary scalar particle in the weakly-coupled regime:
In a strongly-coupled theory the different energy scales described above are dynamically generated, and need to be measured by numerical simulations. In the following discussions, we choose to express every scale in units of the four-dimensional string tension √ σ; hence the other three scales in the theory are characterized by three dimensionless ratios. The ultra-violet cut-off Λ UV , given by the inverse of the largest lattice spacing of the model, is
The figure shows the desired separation of energy scales. The scales are all expressed in terms of the four-dimensional string tension that characterizes the low-energy physics of the theory. The region of energies where we expect the scalar mass to lie is highlighted by the shaded band.
because we will be dealing with anisotropies ξ = a4 a5 ≥ 1. Similarly, the compactification scale Λ R is
Finally, the scalar mass m 5 can be expressed as the ratio of the scalar mass and the string tension both measured in units of the lattice spacing a 4 in our simulations:
In Fig. 1 we summarize pictorially the scale separations in the theory. Let us note that the separation of the UV and the compactification scales can be entirely expressed in terms of bare parameters of the lattice model at tree level: 8) where the last step follows from Eq. (2.12) and is a valid approximation only in the weak-coupling limit. However, the scalar mass in Eq. (3.7) must be measured non-perturbatively, because it would be divergent in the perturbative regime ( √ σ = 0).
The three energy scales of the system, Λ UV , Λ R and m 5 can be studied by adjusting the three bare parameters of the lattice model β 4 , β 5 and N 5 (here N 4 must be large enough that the fourdimensional subspace can be considered in the infinite volume limit). Fixing a point in the space (β 4 ,β 5 ,N 5 ), or equivalently (β,γ,N 5 ), will dynamically determine the two lattice spacings a 4 and a 5 , together with the extent of the extra dimension a 5 N 5 . Therefore, measuring the three scales with lattice simulations at different points of this bare parameter space is a powerful tool to explore the dependence of the scalar mass on a 4 and R. In particular, the ability to investigate separately these functional dependences is the major breakthrough of this work: contrary to what was done in Ref. [13] , where the separation 2πR a4 was kept fixed in the numerical simulations, we explore a region of the phase space where R and a 4 vary independently and we are able to follow, non-perturbatively, lines of constant scalar mass. In order to gain some insight in the behaviour of the lines of constant physics for this model, we can use perturbative results as a guide, with the caveat that they are expected to provide a sensible description of the data only in the weak-coupling regime. From the one-loop renormalization group equation of a four-dimensional Yang-Mills theory, we expect the asymptotic scaling relation
where b 0 is the first term in the perturbative β-function of the four-dimensional theory (b 0 = 11/24π 2 for SU(2)) and g Fig.7 of Ref. [13] , where the authors also took into account the features of the phase diagram which we will describe in Sec. 4 (note that the coordinate β is called β5 in Ref. [13] , and N5/γ is calledÑ5).
Notice that Eq. (3.10) is obtained by trading g ). This asymptotic behaviour has been checked numerically on the lattice in a particular region of the parameter space of the model and in the limit a 5 → 0 [13] . Furthermore, if we assume the scalar mass to behave perturbatively according to Eq. (1.1) in the dimensionally reduced theory, we have the following expression for the mass m 5 in units of the lattice spacing a 4
The latter equation can be divided by Eq. (3.10) to express the mass in units of the string tension:
We can therefore plot the perturbative predictions from Eq. (3.10) and Eq. (3.12) in the plane (β, N 5 /γ). This is shown in Fig. 2 , where some isosurfaces are labelled in order to understand the functional behaviour. When these perturbative formulae are used, the scalar mass in units of the string tension has a minimum value in the bare parameter space. Moreover, in this weak-coupling limit, the scalar mass is always above the scale set by the string tension therefore decoupling from the low-energy theory [13] . Keeping this in mind and assuming that Fig. 2 represents the actual lines of constant physics, we can speculate about how to reach a continuum limit for this lattice model. As it was firstly noted in Ref. [13] , two different four-dimensional continuum theories can be described as the lattice spacing a 4 vanishes. The one we are interested in for this study is a SU(2) Yang-Mills theory coupled to an adjoint scalar field: this theory is described by the lattice model following a line of constant m 5 / √ σ (one of the solid red lines in Fig. 2 ) towards smaller values of β and bigger values of N 5 /γ. In this direction, a 4 √ σ decreases, while the scalar mass is kept fixed, and the effects of the regularization are suppressed by powers of a 4 √ σ. A remarkable feature of this approach to the continuum limit is that the direction to be taken in the bare parameter space goes towards higher values of N 5 /γ. This means that the size of the extra dimension 2πR increases in units of the lattice spacing a 4 , while the theory dimensionally reduces to four dimensions as already suggested in the D-theory non-perturbative approach to quantum field theories [20, 21] . Let us stress again that Eq. (3.10) to Eq. (3.12) are found using one-loop continuum perturbative results and tree-level relations between the lattice parameters and the continuum ones. The lines of constant values for the cut-off 1/a 4 √ σ and for the scalar mass m 5 / √ σ must be determined non-perturbatively using numerical simulations, and we shall see if and how they deviate from the perturbative expectations. In particular, it would be interesting to see if the hierarchy between the scalar mass and the string tension still holds at stronger couplings.
The phase diagram
In this section, we briefly describe a further issue arising in the study of the lattice model. Indeed, the perturbative predictions we referred to in Sec. 3 do not take into account the rich phase structure of the lattice theory. Since it is crucial for our purposes to simulate the theory in the correct phase, let us first discuss the current understanding of the phase diagram of the SU(2) pure gauge theory in five dimensions described by the action in Eq. (2.3). The first feature, which was already investigated in the early studies in Ref. [16] , concerns the lattice model on the line β 4 = β 5 , or equivalently γ = 1. This isotropic model, where the lattice spacings are the same, a 4 = a 5 , has a bulk phase transition when all the dimensions are equal. This phase transition is independent of the physical volume of the system; it is signalled by a sudden jump of the plaquette expectation value and by a hysteresis cycle. The bulk line separates a confined phase that is connected to the strong coupling regime from a Coulomb-like phase connected to the weak coupling regime. An interesting feature of the isotropic model is that the bulk transition disappears when the lattice size in any one dimension is decreased below a critical size, L c , which is the critical length of the Polyakov loop in that direction. Below L c centre symmetry is broken. In this case the phase transition becomes a second order one in the same universality class of the four-dimensional Ising model: the position of the critical point scales with the four-dimensional volume and with the number of sites N 5 in the extra dimension. This has been verified numerically for N 5 = 2 with a Binder cumulant finite-size scaling in Ref. [13] . We have performed a scaling analysis of the susceptibility of the Polyakov loop in the compact direction L 5 , and obtained compatible results. However, when the number of points in the compact fifth dimension is increased to N 5 = 4, we could not locate the second order phase transition before hitting again the bulk transition; this is true up to N 4 = 14, which is the biggest lattice we explored at γ = 1. A bigger aspect ratio N 4 /N 5 is probably needed at γ = 1 in order to see the effects of the compactification (namely a thermal-like second order phase transition), our computational resources did not allow us to further explore this issue. A very recent study of the phase diagram at very small anisotropies γ < 1 was presented in Ref. [14] and the authors claim that if any one of the dimensions becomes smaller than a minimal lattice size L min (γ), no sign of the bulk phase transition can be detected. At γ = 1, their simulations hint at 2 < L min < 6, and the results are also supported by Ref. [15] . In the following, we are interested in the region of the parameter space where γ > 1. Clearly, in this case a 4 > a 5 , and hence the extra dimension can be easily made small enough to obtain dimensional reduction as described above. The phase diagram in this region is known at N 5 = 4 and N 5 = 6 [11] . We performed a similar study on bigger four-dimensional lattices and obtained compatible results. We want to stress that our aim is not to study the details of these phase transitions; therefore we simply determined the critical lines in the parameter space searching for the location of the peak in the susceptibility of the compact Polyakov loop. As shown in Fig. 3 our results compare favourably to Ref. [11] , which also provides a cross-check of the validity of our simulation code.
The main feature of the phase diagram in this region is that, for fixed N 5 , there is a line of second order phase transition that merges into the bulk one as the anisotropy is decreased below a critical value γ c . Above this γ c , which depends on N 5 , the transition line separates a phase where the centre symmetry in the extra compact direction is not broken (at smaller β 5 ) from the phase where the symmetry is broken and the compact Polyakov loop acquires a non-zero expectation value. We refer to this phase as the dimensionally reduced one, following the terminology in Ref. [13] . However, for γ < γ c the bulk phase transition line separates a confined phase (at smaller β 4 ) from a Coulomb-like phase extending to the weak-coupling regime, exactly as we described in the isotropic case. This pattern of phase transitions is shown in Fig. 4 using the data already shown in Fig. 3 , but now separating the phase diagram at N 5 = 4 from the one at N 5 = 6. Since the second order phase transition is physical, its location changes as we change N 5 . Note also that, at fixed N 5 , there is no sign of a bulk phase transition for γ > γ c . The emerging physical picture tells us that the disappearance of the bulk phase transition happens when the five-dimensional system compactifies; in other words, γ c defines a critical lattice spacing in the extra dimension a 5c such that L 5c = a 5c N 5 . Ref. [11] presents estimates for γ c , for both N 5 = 4 and N 5 = 6, and for the renormalized anisotropy ξ in those points, so that the critical radius R c of the extra dimension in Ref. [14] Bulk units of the four-dimensional lattice spacing can be computed. The data in Ref. [11] suggest that L 5c ∼ 2.25a 4 for N 5 = 4, and L 5c ∼ 2.16a 4 for N 5 = 6: for extra dimensions bigger than these approximate values, the system shows a bulk phase transition characteristic of the five-dimensional model. The interesting region for our purposes, is at γ > γ c and above the line of second order phase transition, where the extra dimension is smaller than its critical value L 5 < L 5c .
Lines of constant physics

Strategy of lattice simulations
Our main goal is to study whether a light scalar particle does exist in the low-energy spectrum of the five-dimensional theory. The strategy of the simulations is very straightforward in principle. The lattice model we described in Sec. 2 has four tunable parameters: the two coupling constants β 4 and β 5 , and the number of sites N 5 and N 4 . If we assume, for the moment, that the spectrum does not depend on N 4 (e.g. we are in the infinite volume limit of the lattice theory), we are left with three parameters. Fixing the bare coupling constants dynamically determines the two lattice spacings, whereas fixing N 5 determines the length of the extra dimension. In other words, by fixing a point in this three-dimensional bare parameter space, we are choosing a system with a given separation of scales between the ultra-violet cut-off Λ UV , the compactification scale Λ R and the scalar mass m 5 (all the energy scales are again expressed in units of the string tension). The three energy scales of the system can only be determined a posteriori by measuring physical observables with numerical Monte Carlo simulations.
Let us focus first on the determination of the cut-off scale. From Eq. (3.5) it is clear that a measure of the four-dimensional string tension in units of the lattice spacing yields the separation between the low-energy scale and the cut-off. The string tension √ σ in units of the four dimensional lattice spacing a 4 can be extracted using different observables. We choose to measure correlation functions of Polyakov loops winding around the three spatial directions: the string tension can then be extracted from the mass of the lightest state that propagates. The non-perturbative scalar mass instead can be obtained from the ratio of two lattice observables as expressed in Eq. (3.7). Having obtained the string tension, we only need to measure m 5 in units of the lattice spacing a 4 . Since it is the mass of a scalar particle, we use correlation functions of operators that only project on the 0 ++ representation of the symmetry group of the cube (with positive parity and charge) following standard spectroscopic notation. Due to the presence of the extra dimension, different types of basis operators can be used in the correlation functions; in particular we distinguish those created using Polyakov loops wrapping around the compact fifth dimension from those created using Wilson loops embedded in the three large spatial directions. We generically refer to the first kind of operators as the scalar ones, while the second set is referred to as glueballs. In the following, we will focus mostly on masses extracted from correlators of the scalar operators, but part of our analysis will be dedicated to glueballs as well. In this respect, we greatly improve the exploration of the scalar spectrum as first presented in Ref. [13] . More details on the operators and on the noise-reduction techniques we used are given in the Appendix. The last scale we need to set is the compactification scale Λ R ; unfortunately, we were not able to measure a third independent observable that could be used for this purpose. In particular, we would need a measure of the extra dimensional lattice spacing a 5 that needs to be done in the confined phase. However this problem can be easily overcome. As we noted in Eq. (3.8), the separation between the cut-off and the compactification scale is determined, at leading order, by the bare parameters of the lattice model. Therefore, knowing Λ UV from a measure of a 4 √ σ at one point (β 4 , β 5 , N 5 ) is sufficient to approximately estimate Λ R . As we already mentioned, the last step of Eq. (3.8) is only valid in the weak-coupling limit that is reached, at fixed γ, when β → ∞.
Although this seems like a reasonable approximation in Ref. [13] where the values of β are large, we try to estimate the systematic deviation of ΛUV ΛR from its tree-level value N5 γ . As we will show in the following, our simulations are performed in a different region of the phase diagram with respect to Ref. [13] and our β values are smaller.
We expect corrections to Eq. (2.12) due to ξ = aγ Table 1 : Parameters of the fitted function ξ = ξ(γ). The all range of data was used, from γ ∼ 1.224 to γ = 4. quantum fluctuations. Since the non-perturbative relation between the bare anisotropy γ and the renormalized one ξ had already been studied for this system, we interpolated the data available in Ref. [11] , in order to estimate the ratio ΛUV ΛR for the points we simulated. The relation ξ = ξ(γ) is shown in Fig. 5 . We performed three different fits of the data: a linear fit, a quadratic one, and a quadratic fit imposing ξ(1) = 1. The details of the fits are summarised in Tab. 1. In practice, to obtain ξ for the points in our simulations, we used a cubic interpolation nested inside a bootstrap procedure for the errors. The result is again shown in Fig. 5 together with the 1-σ contour. The errors are such that all the lower order fits are compatible with this interpolation. Although we only use interpolated values of ξ, it must be noted that ξ = ξ(γ) could in principle also depend on the other bare parameter β. However, in the region where ξ was initially measured non-perturbatively, the value of ξ is shown to be fairly insensitive to the values of β (cfr. Fig. 1 in Ref. [11] ). This is true in particular for the values of ξ that we are going to use, namely 1.7 ≤ ξ ≤ 3.0. We performed our simulations at β values that are inside The relation γ ∼ ξ is corrected by quantum fluctuations. We interpolated data from Ref. [11] that were obtained by measuring ξ non-perturbatively using ratios of suitable correlation functions. All the data are in the correct phase where √ σ = 0. In the plot we show three different fits (withχ 2 ∼ 0.5 − 0.7) and the interpolation used to obtain ξ in the regions where we performed the simulations (both for N5 = 4 and for N5 = 6). They all compare well and are hardly distinguishable.
(or just slightly off) the region where ξ was observed to be independent of it. Hence we expect the systematic errors of this interpolation procedure to be under control.
Before showing the details of the simulations and the results, let us summarize the main steps of this study:
1. we fix a point in the three-dimensional parameter space (β 4 , β 5 , N 5 ) that is in the dimensionally reduced phase;
2. on this point we measure a 4 √ σ and a 4 m 5 from correlation functions of suitable operators;
3. the measured observables determine the cut-off scale and the scalar mass from Eq. (3.5) and Eq. (3.7);
4. we use the available data for ξ to estimate the compactification scale using Eq. (3.8) and the measured cut-off scale (this yields a better determination of the anisotropy than the one coming from tree-level relation γ = ξ, and allows us to estimate the errors due to β = ∞);
5. we then move to a different point (β 4 , β 5 , N 5 ) and repeat the procedure;
6. having done this for a certain number of points allows us to study the dependence of the energy scales on the bare parameters and to determine lines of constant physics;
7. more importantly, this allows us to study the behaviour of m 5 as a function of Λ UV or Λ R and to disentangle cut-off effects from compactification effects.
Results from lattice simulations
We performed simulations at two different values of N 5 and several different four-dimensional volumes. The smaller lattice has N 4 = 10 and N 5 = 4. This volume is also the one we used to locate the position of the second order phase transition in the left panel of Fig. 4 . On this lattice, we generated O(800000) configurations and the correlators of the interesting observables were binned over 20 configurations after thermalization. We chose a wide range of values for β 4 and for β 5 , starting very close to the line of second order phase transition. In this region we expect a light scalar in units of the lattice spacing because the scalar mass is the inverse of the correlation length, and the latter diverges at the critical point. From the phase structure discussed above, we also expect to find a finite string tension. The details of the simulated points on this volume are reported in Tab γ . What we notice is that the naive expectation is systematically larger than what is obtained by measuring the anisotropy non-perturbatively. As a result, we were only able to explore the following range
where the upper limit is close to the critical value L 5c /a 4 ∼ 2.16 − 2.25 that we identified in Sec. 4. Since this is the first time that this particular region of the phase space is explored with lattice simulations, we performed a broad scan, aiming primarily at identifying the interesting region. As a consequence, there are lattices for which we were unable to measure precisely both the string tension and the scalar mass. In Fig. 6 , we show all the points reported in Tab. 3 and in Tab. 4, but at the same time we identify the ones where either a 4 m 5 or a 4 √ σ could not be extracted satisfactorily. Figure 6 : The plots show the region of the phase diagram that we explored with numerical simulations, both for N5 = 4 (a) and N5 = 6 (b). The location of the second order phase transition is also shown. The blue squares are points where the scalar mass a4m5 was reliably extracted, whereas the green circles represent points where we were able to measure the string tension a4 √ σ. Our lattice data suggest that the lattice spacing a 4 changes dramatically in these regions of the phase space. As shown in Fig. 6 , the string tension a 4 √ σ can only be measured in a small subset of points; the points closer to the line of second order phase transition are characterized by spatial Polyakov loops whose mass is too high for a signal to be extracted reliably. Since the mass of the loops is given by N 4 a 4 σ, we see that in this region the lattice spacing a 4 is getting larger in units of the string tension. Following our discussion in Sec. 3, we regard the region close to the phase transition line as the one characterized by a small cut-off Λ UV . In this region, there is not a clear separation between the low-energy physics and the cut-off, and we expect to observe large discretization errors. To make things even more interesting, we find the scalar mass a 4 m 5 to be small in this same region, where a 4 is large. In fact, it turns out to be very difficult to find points in the phase diagram where both √ σ and m 5 are separated from the cut-off scale at the same time. This results in a scalar mass m 5 √ σ for all the points on which we were able to reliably measure the string tension, indicating the same hierarchy expected from perturbation theory (cfr. Fig. 2 ). On the other hand, a light non-perturbative scalar does exist very close to the second order transition line, where a 4 m 5 is small and a 4 √ σ is large. A more quantitative statement can be made by looking at the measured observables as functions of the bare parameters. For example, our data allow us to study the behaviour of a 4 √ σ at fixed value of β 4 as we change β 5 , and vice versa. The same can be done with a 4 m 5 and therefore with the ratio m 5 / √ σ. In Fig. 7(a) we select four different values of β 4 and we plot the mass a 4 m 5 obtained from scalar operators as a function of β 5 . Fig. 7(b) shows the dependence of the scalar mass as a function of β 4 for fixed β 5 . The values of a 4 m 5 are taken from Tab. 5 where we summarise our results for N 5 = 4, whereas we report the results for N 5 = 6 in Tab. 7. As we have already mentioned, we notice that the scalar mass approaches the cut-off scale a 4 m 5 1 as we move away from the line of second order phase transition. This happens both in the β 4 and β 5 directions. Similarly, following Ref. [13] , we can move in the parameter space along a line of fixed γ, while changing β. We choose γ ≈ 1.54 in order to obtain a separation of scales Λ UV /Λ R ≈ 2 after taking into account the renormalized anisotropy. In the interval β ∈ [1.71, 1.77], we accurately study the low-lying spectrum of scalar particles employing our larger set of operators with the inclusion of glueballs. Using a variational method, detailed in the Appendix, we studied the operator content of the different mass eigenstates in the scalar channel. We extracted the mass of the scalar ground state and its first excitation. The resulting masses are shown in Fig. 8 , where we compare the non-perturbative scalar masses calculated via the variational ansatz with the masses obtained solely from effective mass plateaux of scalar operators. It is clear from the results in the plot that a variational analysis is crucial to identify the lightest scalar state as β is increased. Further information can be obtained by studying the change in the operator content of the scalar eigenstates as β increases. We measure the normalized projection of the mass eigenstates onto each operator used in the correlation matrix. The projection of the extracted ground state is shown in Fig. 9 . The plot clearly shows how the contribution of the scalar operators to the ground state decreases as β increases. At higher values of β, glueball operators have a larger overlap onto the ground state. On the other hand, we clearly see that at lower values of β, closer to the line of second order phase transition, the scalar state has a dominant contribution from the extra-dimensional operators. The relative mixing of the first excited state onto the operators in the variational set is shown in Fig. 10 . The points where the mixing is calculated are the same as in Fig. 9 . Up to β = 1.75, the first excited state is dominated by a projection onto the scalar operators, suggesting an extradimensional nature for this particle. Again, we conclude that the scalar mass becomes heavy in units of the cut-off scale while moving away from the critical line, as shown in Fig. 8 . This suggests that at β 1.77 for N 5 = 4 the scalar particle becomes heavy; from data in Ref. [13] taken at 1.83 ≤ β ≤ 1.91 at the same N 5 (but at γ = 2) it can be shown that m 5 2Λ UV and therefore the scalar particle cannot be considered a low-energy degree of freedom of the theory.
While the scalar mass becomes smaller as we approach the critical line, the opposite happens to the string tension. Its behaviour in bare parameter space is best illustrated by the data at N 5 = 6.
All the points where we were able to extract the string tension a 4 √ σ are summarized in Tab. 6 for N 5 = 4, and Tab. 8 for N 5 = 6. In Fig. 11(a) the string tension is shown at three different values of β 4 : the common feature of the data is that the string tension increases as the critical line is approached. As discussed above, this behaviour can be interpreted as an increase of the lattice spacing a 4 in units of the physical string tension √ σ. A similar functional dependence of a 4 √ σ is shown in At lower values of β 4 , closer to the line of phase transition, the string tension grows and it becomes very difficult to extract a signal from our numerical simulations. We can easily infer from the data that the string tension will decrease with increasing β at fixed γ, as already reported in Ref. [13] . This behaviour is expected since β → ∞ is the weak-coupling limit of the theory, and accordingly the string tension should vanish. From the previous discussion we have identified the lines of constant physics in the phase diagram at fixed N 5 . Moreover, we find similar features by going from N 5 = 4 to N 5 = 6. The lines of constant cut-off Λ UV are represented by contour lines of a 4 √ σ. These lines start close to the line of second order phase transition for γ ∼ γ c , but then move away from it as γ is increased. To summarize, at fixed γ, the lowest β corresponds to the lowest Λ UV ; a larger separation between the low-energy physics and the cut-off is found at bigger values of β, and this is the region where the lattice discretization starts to become irrelevant and we can safely extract the low-energy physics from numerical simulations (cfr. Eq. (3.2) ). What we are really interested in is the behaviour of the scalar mass m 5 in units of the string tension √ σ. By looking at the ratio of a 4 m 5 over a 4 √ σ, we can deduce the lines of constant scalar mass. Unfortunately, we cannot use all the measured values of a 4 m 5 , because we also need a measure of a 4 √ σ on the same point. The general pattern of these lines is again quite clear: the lightest scalar is found closer to the second order critical line, but it soon starts decoupling from the low-energy physics as we move away from it. There is only a small patch of the phase space we explored where Eq. (3.1), Eq. (3.2) and Eq. (3.3) hold simultaneously. The lightest mass m 5 we measured is of order 2 √ σ. Using the non-perturbative lines of constant physics, we can try to discuss the different types of continuum limit. Our findings can be compared with the perturbative picture reported in Ref. [13] , bearing in mind that our results are obtained for fixed values of N 5 and N 4 and therefore could be affected by finite-volume effects. For this comparison, we shall refer in particular to Fig. 7 of Ref. [13] . First let us relate our choice of parameters with the definitions in Ref. [13] : the horizontal axis in Fig. 7 , is labelled by β 5 , which corresponds to what we call β (cfr. Eq. (2.7)) in this work; the vertical axis is labelled byÑ 5 , which is defined as N 5 /γ. In the following we use only our parametrization, and the reader should refer to the discussion above for any comparison. At any fixed value for β 4 in the dimensionally reduced phase, there is a lower bound for β 5 , given by the location of the critical point. By increasing β 5 , we cross lines of decreasing lattice spacing a 4 , therefore moving towards a continuum limit, meaning that the lattice discretization effects vanish. At the same time we cross lines of increasing scalar mass m 5 , which inevitably decouples from the low-energy spectrum: the low-energy effective theory described in this region is four-dimensional, and contains only gauge degrees of freedom. A similar limit occurs at fixed β 5 and increasing β 4 . However, by following a line of constant scalar mass in the phase diagram, we cross lines of different fixed lattice spacing. In particular, moving towards smaller β 4 and bigger β 5 the lattice spacing decreases, allowing us to reach the desired separation between the cut-off and the low-energy physics with a constant value of the scalar mass. The low-energy dynamics is then described by an effective four-dimensional theory with a light adjoint scalar in the low-energy spectrum, having started with a five-dimensional theory with only gauge degrees of freedom. This being an effective description, it is expected to hold only up to the energy scales given by the compactification radius, as we already mentioned in Sec. 3. What we have learned from our non-perturbative map of the energy scales in the phase diagram of the lattice model is that it requires a certain amount of fine tuning to pin down the location of a line of constant mass and to follow it. Moreover, the behaviour of the cut-off scale near to the line of second order phase transition (cfr. Fig. 11 ) makes it very difficult to determine m5 √ σ non-perturbatively, thereby limiting our ability to reach values of the scalar mass that are smaller than the square root of the string tension. This is an important result for future studies in this context, and it was not anticipated before using perturbative arguments. For example, looking at the perturbative results in Fig. 2 , or equivalently at Fig. 7 in Ref. [13] , where the line of phase transitions in the a 5 → 0 is taken into account, we note that the lines of fixed a 4 √ σ go straight into the critical line. This behaviour is not supported by our non-perturbative results: those lines cannot cross the point where the phase transition occurs, because a 4 √ σ increases as we approach that point. Any attempt to follow a line of constant scalar mass would have to deal with this problem.
Compactification effects on the scalar mass
So far we have only explored the behaviour of energy scales in the bare parameter space. However, each point we have simulated on the phase diagram corresponds to a precise location in the space given by the three energy scales we are interested in, that are Λ UV , Λ R and m 5 . We can therefore translate our results at N 5 = 4 and N 5 = 6 into a common set of points (Λ UV , Λ R , m 5 ). This approach allows us to study m 5 as a function of the other two energy scales, instead of the bare parameters. From now on we express the energies Λ UV and Λ R using their length counterpart, a 4 √ σ and R √ σ respectively. These two length scales are related to each other by Eq. (3.8) and they are both measured non-perturbatively: the first is directly measured, whereas the second relies on the interpolated data of ξ from Ref. [11] . The range of values of a 4 √ σ and R √ σ spanned in our simulations is shown in Fig. 12 , and the data we used are summarized in Tab. 9 and Tab. 10. In the following plots, we report results from N 5 = 4 together with the ones from N 5 = 6. When more than one value for a 4 √ σ or a 4 m 5 is extracted for the same (β 4 , β 5 ) point, we apply the following procedure: if the values are compatible within one standard deviation, we plot the weighted average as central value, and the weighted error as the statistical error; we also use the spread of the results to estimate the systematic error due to the choice of the effective mass plateaux. If the values are not compatible, we use the average for the central value, whereas the systematic error is chosen to comprise both the lowest and the highest values. With our available data, we can explore the behaviour of the scalar mass m 5 in the following region of lattice spacing a 4 0.15 < a 4 √ σ < 0.40 , The points in the phase space are mapped into the physical space of the energy scales of the system. In the plot we report the length scale corresponding to the ultra-violet cut-off, and the one corresponding to the compactification energy. Using both data from N5 = 4 and N5 = 6, we can span a larger region of this space. Some points have two different type of error bars described in the text: the thicker one is statistical, whereas the thinner is systematic.
and compactification radius R 0.05 < R √ σ < 0.12 .
(5.
3)
The major advantage of interpreting the data in terms of these physical quantities is that we can disentangle compactification effects from cut-off effects. It is clear from Fig. 12 that we have points at different values of the lattice spacing, but at the same value of the compactification radius. The scalar mass on those particular points can therefore be studied at fixed compactification scale and different cut-off scale. On the other hand, we also have points at the same value of the lattice spacing, but at different radii, which can be used to study the behaviour of the scalar mass at fixed cut-off scale. From Fig. 12 we can also infer that increasing N 5 would allow us to explore a wider range of cut-off values for fixed compactification scale. Our main goal is to clarify the validity of the result in Eq. (1.1) where the perturbative scalar mass is expected to depend strongly on the compactification scale. In our lattice model we would like to see if there are leading cut-off corrections to this expected behaviour when we look at the nonperturbatively measured scalar mass. The simplest way of looking for these corrections is to study the dependence of the scalar mass on the lattice spacing. However, our values for the lattice spacing usually correspond to different values of the compactification radius. It is clear from this discussion that the study in Ref. [13] cannot give any hints about Eq. (1.1): the lattice spacing always changes together with the compactification radius, because their ratio is forced to be constant. Nothing can be said about the dependence of m 5 at fixed compactification scale nor at fixed cut-off scale from the results of these earlier studies. Using our data, we can plot m 5 as a function of a 4 and separately as a function of R. The plots are shown in Fig. 13 : Fig. 13(a) shows the scalar mass dependence on the lattice spacing in the range defined in Eq. for the scalar mass in units of the string tension is
The important thing to notice in this analysis is how the scalar mass changes between the two plots. While some of the points are insensitive to the two different choices of variables, it is striking to see points with the same mass but far away in Fig. 13 (a) fall on top of each other once expressed in terms of the compactification radius in Fig. 13(b) . If Eq. (1.1) holds, then the combination m 5 R should be independent of R at leading order, while retaining any dependence on the cut-off a 4 . In order to separate the scalar particle from the Kaluza-Klein modes, this variable should be less than one as we stated in Eq. Such range is smaller than the one spanned by m 5 / √ σ by a factor of 2 for the same interval of lattice spacings. This evidence support the observation that the dependence on a 4 √ σ is milder than the one shown in Fig. 13(a) and it is compatible with the perturbative expectation in Eq. (1.1). The product m 5 R does not show any sign of quadratic divergences as the lattice spacing is reduced. However, we must recall that all the simulations were performed on a fixed value of N 4 , therefore the points at the smallest values of a 4 √ σ are the ones on the smallest physical volumes and finite-size effects could be present. On the other hand, large values of a 4 √ σ point in the direction of larger discretization effects.
Conclusions
Lattice theories in more than four dimensions prove to be very interesting. They provide a sensible and well-defined regularization of non-renormalizable gauge theories that can be used as UV completions to calculate phenomenologically interesting quantities. In this work we presented a non-perturbative study of pure SU(2) gauge theory in five dimensions. The system was discretized on anisotropic lattices and we investigated the so-called dimensionally reduced phase, where a light scalar particle is expected in perturbation theory due to compactification of the extra dimension. If the scales of the theory are properly separated, we expect the low-energy dynamics of this theory to be described by a four-dimensional gauge theory coupled to a scalar field. We have measured the mass of the non-perturbative scalar states in a specific region of the bare parameter space, where we expect to find the desired separation between physical scales. We have also determined numerically the four-dimensional lattice spacing in units of the string tension. This allowed us to describe the lines of constant scalar mass and constant ultra-violet cut-off as they arise non-perturbatively. The scale separation of Eq. (3.3) is obtained from simulations in a given region of the phase diagram, and is shown in Fig. 13 and Fig. 14 . The final picture seems to confirm the observation in Ref. [13] about the possibility of effectively describing a four-dimensional Yang-Mills theory with a scalar adjoint particle in the continuum limit. While that observation was based entirely on perturbative results, our numerical simulations show how this continuum limit could be actually reached by following lines of constant scalar mass in the parameter space of the model. As we described in Sec. 5, this is not a straightforward procedure and it definitely requires some sort of fine tuning. Even though the search for a light scalar requires fine tuning in this simple model, we have shown that its mass is only very mildly affected by the ultra-violet cut-off, whereas it strongly depends on the radius of the compactified extra dimension. This is entirely compatible with the perturbative result of Eq. (1.1) and it is the first non-perturbative evidence that the mass of scalar particles coming from a compactification mechanism does not have a quadratic dependence on the cut-off. We need to bear in mind that our results are obtained at finite lattice spacings, both a 4 and a 5 , and at finite volume. Therefore, it would be ideal to extend our study on larger lattices, with N 4 > 12 and N 5 > 6, in order to reduce the systematics of finite-size effects and discretization effects. We can consider our study as a starting point for exploring in more details the realization of gauge theories with light scalar particles in the framework of dimensional reduction. In particular, it would be interesting to compare the non-perturbative spectrum of the five-dimensional model obtained in this study with the non-perturbative spectrum of a four-dimensional gauge theory with a scalar degree of freedom. A similar comparison has been carried on between four-and three-dimensional gauge theories [17] , where the super-renormalizability of the latter helped in the definition of physical observables. Another interesting future extension of this work could be the inclusion of fermionic degrees of freedom, which are expected to further reduce the scalar mass [9] , at least at a one-loop level. As a consequence, they might allow the description of theories with extended supersymmetry on the lattice without fine tuning the scalar mass.
Extracting the string tension and the scalar mass
The string tension and the mass of the ground state in the scalar channel have been measured at different points (β 4 , β 5 , N 4 , N 5 ) in the bare parameter space. We use standard lattice spectroscopic techniques and we extract the masses from 2-point functions of suitable lattice operators coupling to the states of interest and correlated in the time direction (which is taken to be one of the 4 directions with N 4 lattice sites). The correlators are then averaged over the N 5 slices in the extra dimension.
To extract the string tension we use Polyakov loop operators L i winding around the 3 spatial dimensions (i ∈ {1, 2, 3}). These operators are non-local and have a non-zero charge under the centre symmetry group. They couple to torelon states whose mass grows linearly with the size of the lattice. The string tension is the coefficent of this linear dependence; this procedure yields the right string tension if the open-close duality between Wilson loops and Polyakov loops holds. More specifically, the mass of the torelon states are related to the string tension as follows:
where D is the number of spacetime dimensions. From the above relation Eq. (6.1) we can extract the string tension as
and we set D = 4 in our analysis. The systematic error in extracting the string tension using Eq. (6.2) is known to be small for long Polyakov loops, i.e. loops such that N 4 a 4 √ σ > 3. Unfortunately, measures of Polyakov loop operators are difficult because of the poor signal-to-noise ratio; specific techniques are usually needed in order to enhance the signal, and obtain statistically accurate results. In this work, we use an improved diagonal spatial smearing with a further step of blocking as first described in Ref. [22] . The set of parameters used here is the same as in Ref. [22] , namely (p a , p d ) = (0.40, 0.16) (cfr. Fig. 15 ). The diagonal correlators of spatial Polyakov loops at different blocking levels are analysed using a single-state hyperbolic cosine fit to extract the effective mass, and jackknife bins are used to estimate the statistical errors. For all the points where we measure the string tension, the best projection onto the ground state is obtained at the maximum blocking level. This was confirmed using a variational procedure on the set of operators including all the different blocking levels. For example, in Fig. 16 we show the comparison between the mass extracted from diagonal correlators of the operator at the highest level of blocking and the one coming from the variational procedure. The comparison was done on a lattice with a longer temporal direction L t = 2L 4 and using the same fitting window for the effective mass plateaux in both cases. On the points (β 4 , β 5 , N 4 , N 5 ) used for the measurements, we extracted the effective mass plateaux for the spatial Polyakov loops only at large temporal distances. The smearing and blocking algorithm allows for the extraction of a better signal, even though the parameters (p a , p d ) are not optimized for the broad range of lattice spacings a 4 explored in this work. In many cases, we still have small overlaps with the ground state, and consequently the single-state behaviour of the correlator can only be extracted at large temporal distances. An example of such cases is shown in Fig. 17(a) , whereas in Fig. 17(b) we show one of the points where the plateaux is reached already at t/a 4 = 2. A summary of all the torelon masses and their corresponding string tensions is reported in Tab. 6, and Tab. 8. The fitting range for the effective mass plateaux is also shown in the tables. Moreover, since the length of the Polyakov loops in lattice units is different between the N 5 = 6 lattices and the N 5 = 4 ones, we also report the physical size L 4 √ σ. As mentioned above, finite-size effects can be kept under control when L 4 √ σ is large; in other words we would like our physical lattice volume to be much larger than the typical correlation length of the system, given by the inverse of the string tension. For the mass of the static scalar mode, we use compact Polyakov loop operators, that is gaugeinvariant combinations of Polyakov loops winding around the extra fifth dimension. Such operators transform as scalars under the cubic symmetry group and they only carry a site index in the four-dimensional subspace. In particular, we choose two different combinations
The sum x is an average over the spatial volume in order to obtain zero-momentum operators on a fixed timeslice t. We average the correlators over the extra-dimensional coordinate, as in the previous case. The first operator O 1 is the same one used in Ref. [13] . For the operator in Eq. (6.4) it is possible to apply a smearing procedure following the one introduced in Ref. [24] for a scalar Higgs field. The operator φ is replaced by a smeared version that consists of a gauge-invariant combination of parallel transporters in the three-dimensional spatial subspace. are always compatible. In some cases, usually at very low masses a 4 m 5 , the smeared operators show better plateaux, but we have not yet studied their projection onto the ground state with a more systematic variational procedure. At this stage we have not implemented more efficient noise-reduction techniques, such as a better choice for the smearing parameters, a multi-level algorithm [25] , or a multi-hit procedure. As a consequence, we obtain plateaux like the ones shown in Fig. 18(a) . The mass is extracted from a weighted fit of three, or sometimes even two, points at very large temporal distance, where the signal-to-noise ratio is quite small. Clearly there also points where the scalar mass is small, and the effective mass plateaux is well behaved. An example can be found in Fig. 18(b) . We summarize the scalar masses a 4 m 5 , and the fitting windows for the plateaux in Tab. 5, and Tab. Comparison between the observables on two different four-dimensional volumes and fixed N5 = 6. The string tensions are independent of N4 and the scalar masses are compatible within one standard deviation.
four-dimensional volume. In Fig. 19 the volume dependence is shown for both the observables. The larger statistical error for a 4 √ σ on the largest volume is due to the larger torelon mass at N 4 = 16
(the number of configurations is the same for both volumes).
Mixing with scalar glueball states
Since we are studying a strongly coupled Yang-Mills theory, the low-energy dynamics could be affected by the presence of non-perturbative states, such as glueballs. It is well known that the lightest glueball state appears in the scalar channel. However, this is the same symmetry channel where we perturbatively expect to see a light particle due to the compactification mechanism. It is therefore mandatory to check whether these two states mix in order to shed light on the nonperturbative fate of Eq. (1.1). Lattice calculations of glueball masses suffer from the aforementioned problems in relation to torelon masses: to obtain an accurate estimate of the mass from correlation functions, one needs to adopt noise-reduction techniques. We used a combination of the improved diagonal smearing described in Fig. 15 and a variational ansatz. We used three different spatially shaped Wilson loops in order to construct glueball operators. This procedure has been very succesfull in extracting highly accurate glueball masses in three and four-dimensional SU(N ) gauge theories [22, 23, 26] . To create operators coupling to glueball states in four dimensions, we use the four-links plaquette, the six-links rectangular plaquette and the six-links chair shown in Fig. 20 . Symmetrized combinations of these operators projecting only onto the scalar representation of the three-dimensional cubic symmetry group are then correlated together with operators in Eq. (6.3) and Eq. (6.4); we refer to these scalar glueball operators as O a , O b and O c built starting respectively from the path a), b) and c) in Fig. 20 (we always use zero-momentum projections). We expect that the operators in Fig. 20 will couple mainly onto glueball states as they are built entirely from links in the three-dimensional spatial subspace of the lattice. On the other hand, we suggest that the operators in Eq. (6.3) and Eq. (6.4) will couple mainly with states of extradimensional nature because they are built from links in the extra direction. Inevitably, due to the non-perturbative nature of the theory, the masses of the scalar state extracted from correlators of the latter type of operators could be affected by non-negligible mixing with glueball states. We studied the contribution of this mixing, and the results are reported and explained in Sec. 5.
To estimate the mixing in the scalar spectrum of the lattice theory, we used the following procedure:
• compute the full correlation matrix C αβ (t), where the lower indices run over the scalar operators of the following type:
• employ a variational procedure to find a linear combination of the correlated operators such that the propagating state is the lightest (or apply the procedure on the orthogonal space to get the excited ones)
• decompose the approximate mass eigenstates obtained from the previous step into their projections onto the basis operators
The last step of this variational analysis gives us informations about the nature of the propagating state. If the main projection is onto glueball operators O a , O b and O c , the mass extracted is likely to be associated to a glueball state rather than a scalar of extra-dimensional origin. At the same time, a projection onto O 2 of more than 50% indicates that the state investigated is probably a scalar coming from the compactification mechanism. Due to the large computational cost, we measured the full correlation matrix C αβ (t) only on a subset of the points reported in Tab. 3: we choose points at fixed γ ≈ 1.54 and we investigate how the mixing of the extracted states changes as we increase β, moving away from the line of second order phase transition. On these points, the masses extracted using only correlators of O 1 and O 2 , as described in the previous section, has been shown in Fig. 8 . In order to extract a more reliable plateau, we increased the number of lattice points in the temporal direction L t = 2L 4 ; this allowed us to follow the plateaux of the effective mass for a wider range of temporal distances, usually corresponding to a fitting range t min − t max = [3 − 7] in units of the lattice spacing a 4 (cfr. for example the fitting ranges of Tab. 5). The results for the spectrum of the theory in the scalar channel at γ ≈ 1.54 is summarized in Fig. 8 . An example of the effective mass plateax for the ground state and its low-energy excitations is also shown in Fig. 21 for two values of β; we compare the results of the variational procedure, with the results obtained from diagonal correlators of pure scalar operators. In the range of parameters explored with the full variational ansatz, we notice that the relative mixing of the scalar states in the spectrum with the different operators in the correlator matrix changes with β. The mixing of the extracted ground state is shown in Fig. 9 . The relative projections for both sets of operators are shown for different values of β. The plot clearly shows the contribution of the operator O 2 to the ground state of the scalar channel decreasing as β increases. We recall here that increasing β at fixed anisotropy corresponds to going towards the weak-coupling limit. This is the same limit taken in the simulations of Ref. [13] , where it has been shown how the mass extracted from correlators of our O 1 diverges and decouples from the low-energy spectrum. It is therefore not surprising that the lightest glueballs become relevant to the dynamics of the theory in this region of the parameter space. On the other hand, we clearly see that at lower values of β, closer to the line of second order phase transition, the scalar state has a dominant contribution from the extra-dimensional operator O 2 and it increases as we lower the values of β. Another interesting mixing we looked at is shown in Fig. 10 . The plots show the relative mixing of the first excited state onto the operators in the variational set. The points where the mixing is calculated are the same as in Fig. 9 . Up to β = 1.75, the first excited state is dominated by a projection onto the scalar operator O 2 , suggesting an extra-dimensional nature for this particle. What it is not shown is that at β = 1.76, we find the second excited state to project mostly onto O 2 (cfr. Fig.21(b) ). , we report the values of the renormalised anisotropy ξ from the interpolation shown in Fig. 5 , and the corresponding scale separation
-30 - Table 6 : Measured torelon masses on the 10 4 × 4 lattice. The fitting range for the effective mass plateaux is shown together with the calculated string tension. Boldface values are alternative fitting ranges. The last column states the spatial length of the lattice in units of the four dimensional correlation length given by the inverse of the string tension. Table 9 : The results of our numerical simulations are reported in this table for N5 = 4. The primary observables directly measured in the simulations, a4 √ σ and a4m5, are used to obtain the combinations m 5 √ σ , R √ σ and Rm5. This is done using the value for the separation of the cut-off scale from the compactification scale Λ UV Λ R . When more than one value is shown, they come from different fitting ranges in the plateaux of the primary observables. The spread of the values is used to estimate a systematic error that is then reported in the plots. Table 10 : The results of our numerical simulations are reported in this table for N5 = 6. The primary observables directly measured in the simulations, a4 √ σ and a4m5, are used to obtain the combinations m 5 √ σ , R √ σ and Rm5. This is done using the value for the separation of the cut-off scale from the compactification scale Λ UV Λ R . When more than one value is shown, they come from different fitting ranges in the plateaux of the primary observables. The spread of the values is used to estimate a systematic error that is then reported in the plots.
